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We report experiments measuring the threshold electric field for electrohydrodynamic instabilities in nem-
atic liquid crystals as a function of magnetic field applied parallel to the electric field. At low magnetic fields,
the threshold voltage decreases in quantitative agreement with theoretical predictions. However, at higher
magnetic fields, a crossover is seen and the threshold voltage increases linearly with the magnetic field. In this
region, the bifurcation from conduction to convection is subcritical, with the discontinuity increasing linearly
with magnetic field. The wavelength exhibited by the roll structure at onset also increases dramatically with the
applied magnetic field.@S1063-651X~96!02812-7#

PACS number~s!: 61.30.Eb, 47.20.Ky, 47.54.1r

I. INTRODUCTION

Pattern formation in nonlinear, nonequilibrium dynamical
systems is a subject of intense, recent activity@1#. Of par-
ticular interest are systems which exhibit structures periodic
in one dimension only; electrohydrodynamic convection
~EHC! in nematic liquid crystals@2,3# is one such system.
This system has distinct advantages over more traditional
pattern forming systems like Rayleigh-Be´nard@1# convection
or Taylor vortex flow@4#, because it typically contains thou-
sands of periods in the structure, reducing the effect of lateral
boundaries. In addition, the time scales for the pattern to
reach steady state can be orders of magnitude smaller than in
other convection systems. One important difference is that
because of the intrinsic anisotropy of the liquid crystal, the
roll structure in EHC has a preferred direction, which is not
the case in thermal convection. Much work to date has fo-
cused on the structure and dynamics exhibited by this system
in response to changes in both the frequency and the ampli-
tude of the electric field driving the system unstable@3#.
Most reported experiments in which a magnetic field is used
in addition to the electric field have concentrated on the case
where the magnetic field is perpendicular to the electric field
@5,6#. We report on experiments in which the magnetic field
is parallel to the electric field@7,8#. In the undistorted con-
figuration the nematic director is parallel tox̂, while the ap-
plied electric and magnetic fields are both parallel toẑ. The
original motivation for beginning these experiments was to
seek analogies with thermal convection in binary fluids hav-
ing negative separation ratio in which the Soret effect acts as
a stabilizing influence against the destabilizing temperature
gradient. We demonstrate some effects in common with
those seen in binary fluid convection@9#, however we shall
see that it would be exceedingly premature to try to exploit
further any analogies.

II. EXPERIMENTS

The experimental arrangement is in many ways the ‘‘clas-
sical setup’’ @3,10#. A liquid crystalline compound with
negative dielectric anisotropy and positive conductivity an-
isotropy is introduced between transparent conducting elec-
trode plates in a parallel plate capacitor geometry. The elec-

trodes are treated so that the nematic director is everywhere
in the x̂ direction when there are no external fields. Homo-
geneous~planar! alignment of sample cells was obtained by
evaporating 200 Å of SiO at an angle of 60° to the substrate
normal @11#. The substrates were indium-tin-oxide~ITO!
coated, float-glass plates. After evaporation, the plates were
clamped together with Mylar spacers between them, and then
bonded together with Torr-Seal epoxy. The plate separation
was 50 mm, and the conducting area of the plates was
roughly 2 cm32 cm. Methoxy-benzylidene butylaniline
~MBBA ! @12# ~used without further purification! was intro-
duced between the plates via capillary action, and the unifor-
mity of the alignment checked by microscopy between
crossed polarizers. The finished sample is inserted into a
copper block having a hole drilled for optical access. The
temperature of the block is controlled within60.01 °C with
circulating water. In all experiments reported here, the tem-
perature of the sample was 30.00 °C. The clearing point of
the liquid crystal was 37 °C, and the cutoff frequency was
730 Hz.

The thermostatted sample holder is placed in the gap of an
electromagnet having a 2.5 cm hole drilled through its pole
faces for optical access. The gap between faces is 22.5 cm
and their diameter is 30.0 cm. With this configuration, the
magnetic field is constant within 0.5% over the space occu-
pied by the liquid crystal sample. This was verified by
mounting a small Hall probe on a three-axis translator and
measuring the change in the magnetic field as the probe was
moved a distance comparable to the sample size. The field is
servo controlled and is stable to within 0.05 G. A sinusoidal
electric field is applied with a function generator via the ITO
coatings; a capacitor in series is used to eliminate dc offset.
For all experiments reported here, a frequency of 100 Hz was
used. The convective roll structure is imaged via the shad-
owgraph technique using a Questar QM-1 long distance mi-
croscope equipped with a charge coupled devices~CCD!
video camera. To enhance contrast, the incident light was
linearly polarized at 45° tox̂. The experimental configura-
tion is depicted schematically in Fig. 1. The video signal is
digitized with a frame-grabber for further analysis, described
subsequently. The clearing point and the threshold field for
the Fréedericksz transition are determined by replacing the
microscope with a photodetector and monitoring the inten-
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sity of light transmitted through the sample when it is placed
between crossed polarizers.

The experimental protocol for examining the behavior of
the system near onset is to select the magnetic field, then
very slowly ramp the electric field up, then down. At each
step in the electric field, after a prescribed waiting period, the
video signal is digitized. Since we are primarily interested in
patterns that have a periodicity perpendicular to the align-
ment directionx̂ our analysis technique focuses on those
features. This analysis is particularly suitable because the
first instability observed in this system is to normal rolls.
Each video line in this direction is analyzed with the fast
Fourier transform, and the results are added bin by bin to
give an average power spectral density~PSD! for structures
periodic in one direction only. This analysis ignores any
structures not perpendicular to the alignment direction, and
so is not useful for detecting secondary instabilities. In fact,
when such instabilities occur, they can lead to a loss of sig-
nal for this technique. Hence it is well suited only for char-
acterizing the onset of convection. The transmission of light
through a thin layer of nematic liquid crystal undergoing a
periodic deformation of the director in the direction perpen-
dicular to the incident light@u(x)}u0cos(kx)# is considered
in detail in Ref. @13#. The intensity of transmitted light
I (x) can be expressed as

I ~x!5
I 0

11c1u0cos~kx!1c2u0
2sin~2kx!

, ~1!

where 2p/k is the periodicity of the director distortion, and
the c’s are constants determined chiefly by the indices of
refraction and the geometry of the imaging system. Since
this function is periodic inx, it can be expressed as a Fourier
series

I ~x!5 (
m50

amexp~ imkx!. ~2!

The coefficientsam for nonzerom can all be written in the
form u0Pm(u0), wherePm(u0) is a polynomial. These poly-
nomials can be determined by straightforward, although te-
dious, calculation. The power spectral density of the inten-
sity of transmitted light should then be a series of peaks,
each occuring at an integer multiple of the fundamentalk,
with the height of themth peak being proportional to
uamu2. Equally straightforward, but even more tedious, would
be to use the heights of all visible peaks to solve the coeffi-
cientsam for u0; this is not necessary for the present aims of
these experiments. We take the sum of the heights of the
visible peaks in the PSD as the unambiguous signal of the
onset of convection; let us call this quantityS(u0). Any
quantity that is a continuous function ofS(u0) will also be a
continuous function ofu0. Note however that any quantity
monotonically increasing withu0 may not monotonically in-
crease withS(u0). An added benefit of this method is that
detecting the onset of convection can be fully automated.

The periodicity of the pattern can also be accurately ob-
tained from the power spectrum. If we plot the position of all
peaks observed in the power spectrum as a function of their
index, the slope of the resulting line allows us to determine
k with an accuracy smaller than the width of a single pixel.
Figure 2 shows an example of power spectral density~PSD!;
the inset shows the peak positions as a function of peak
index, and the solid line is the best fitting straight line.

III. RESULTS

As the magnetic fieldH is varied, the onset of EHC is
strongly affected, but in qualitatively different ways, depend-
ing on the magnitude of the applied magnetic field. For mag-
netic fields lower than a special levelHC , of which more is
said subsequently, the transition from the quiescent state to
convection is qualitatively the same as the zero magnetic
field case. In Fig. 3 we plot our measure of the amplitude of
periodic director distortion,S(u0) vs applied voltageV, for
both increasing and decreasing voltage, atH50.271 kG.

FIG. 1. Schematic of experimental setup. Legend:~1! electro-
magnet,~2! conducting glass substrates,~3! function generator,~4!
liquid crystal, ~5! light source,~6! polarizer,~7! long distance mi-
croscope, and~8! CCD video camera.

FIG. 2. Example of power spectral density data. The inset shows
the peak positions as function of index. The slope of the best fit
straight line gives the wavelength to better than single pixel accu-
racy
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S(u0) increases continuously from zero whenV exceeds at a
critical valueVc . This behavior is consistent with the results
presented in Ref.@13# in which u0 was found to increase
with V2/Vc

221 in the manner expected for a supercritical,
pitchfork bifurcation. Note that the sameVc is observed for
both increasing and decreasingV. Vc does depend strongly
on H; that dependence is discussed subsequently. Note that
above the onset voltage,S(u0) is no longer strictly mono-
tonically increasing. This is observed for several reasons:
any secondary instabilities above the bifurcation to normal
rolls lead to a diminution ofS(u0), also, as the convection
amplitude becomes larger, in some regions the shadowgraph
focusing or defocusing is strong enough to cause the CCD
and/or the analog-to-digital converter in the frame grabber
to, respectively, saturate or appear completely dark, because
of insufficient dynamic range. This is why this technique is
useful mainly to detect the onset of convection. The onset of
convection predicted by this technique is invariably con-
firmed visually.

For H.HC the onset of EHC is dramatically different
from that discussed above, and becomes more so as
H2HC increases. Figure 4 showsS(u0) vs V at H51.755
kG; different rates of ramping the voltage both up and down
are shown. There are several features to point out here. Con-
centrating just on the ramping-up data reveals a different
apparent threshold voltage to achieve convection for differ-
ent ramp rates. The largest apparent threshold voltage is
measured for the lowest ramp rate. This is because of the
dynamics of how convection arises, which are discussed
later. A far larger effect, however, is the difference between
the voltage at which convection appears whenV is increas-
ing, which we shall refer to asVA(H), and the voltage at
which convection disappears whenV is decreasing
@VD(H)#. Furthermore, in the ramping-up data, we observe a
very abrupt increase inS(u0) as V exceedsVA(H), and,
upon ramping down, a correspondingly abrupt decrease in
S(u0) as V approachesVD(H). These observations alone

strongly indicate that forH.HC , the bifurcation from the
quiescent state to EHC is subcritical. Note that this is quali-
tatively different from the subcritical transition to EHC re-
ported in Ref.@14#. Note also other researchers have studied
the transition to convection from the bend Fre´edericksz dis-
torted state@15,16#, but have reported no evidence of a
strongly subcritical bifurcation.

The growth mechanism whereby EHC arises in this high
magnetic field regime unambiguously demonstrates that the
bifurcation is subcritical. This is seen most clearly if the
applied voltage is abruptly raised from zero to some value
slightly aboveVA . Figure 5 shows space-time plots@17#
which demonstrate the different growth mechanisms below
and aboveHc . BelowHc , the convective rolls grow every-
where simultaneously; the contrast indicating periodic direc-
tor distortion grows continuously from zero. AboveHc , the
rolls appear via the front propagation mechanism. Further-
more, they grow via the transit of rolls having a well-defined
tip within which the contrast changes abruptly. Front propa-
gation as a growth mechanism is well known@18# and in-
variably indicates either a first-order phase transition@19# in
equilibrium systems or a subcritical bifurcation@20# in non-
equilibrium systems.

Clearly, between the two regimes described above, there
must be a tricritical point, where supercritical behavior
crosses over to subcritical. This tricritical point occurs at
HC51.585 kG. Moreover, the apparent discontinuity be-
tween the conduction state and the convection state increases
asH is increased aboveHC . Figure 6 shows the combined
results of experiments like those whose results are depicted
in Figs. 3 and 4. We have plotted bothVA andVD . For VA
the value plotted is that obtained using thelowestramp rate
while for VD the plotted value corresponds to thehighest
ramp rate; the reasons for this are discussed below.
VA2VD increases roughly linearly withH2HC . Below
HC , these two values of the applied voltage are the same.
We shall refer to the curve corresponding toVA(H) as the
EHC transition line.

Also shown on this plot is the voltage at which the splay

FIG. 3. S(u0) as a function of applied voltage atH50.271 kG.
Note thatS(u0) is not strictly zero below the convection threshold.
This is because the automated method of finding peaks also finds
noise peaks that are present. Since the actual peaks are so much
larger~cf. Fig. 2! we see a large increase at the onset of convection.

FIG. 4. S(u0) as a function of applied voltage atH51.755 kG
at different ramp rates. Here there is a marked dependence on ramp-
ing rate, and a very large hysteresis.
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Fréedericksz transition occurs,VF(H). We have included the
extrapolation of this curve above the EHC transition line
even though EHC occurs before the Fre´edericksz transition
in this regime. While more sophisticated methods@22# can
be used to extrapolate this line, we find the simplest form
(DxH21DeVF

2/d25const), fits the data satisfactorily. As
expected, the critical magnetic field for this transition in-
creases with the applied electric field because the negative
dielectric anisotropy stabilizes the planar state. Perhaps the
most significant observation to be made from Fig. 6 is that
the Fréedericksz transition line crosses the EHC transition
line at a value ofH within 7% of HC .

Figure 7 shows the wavelength of the observed pattern as
near to onset as practical@21# as a function of the applied
magnetic field. Overlaid on this fit are the expected values
from the linear stability theory@22#. For fields aboveHC ,
the wavelength increases to abouttwice its value in zero
field. The calculated wavelength shows systematic quantita-
tive discrepancies with the measured values, but, qualita-
tively, the shape of the two curves is reasonably similar. At
low magnetic fields, both exhibit a roughly parabolic in-
crease with H, although the theoretical curve’s slope almost
diverges atHC . At high fields, both curves show the wave-
length not increasing much withH, but the theoretical curve
has a dip that is not seen in the data. Furthermore, the cal-
culated value ofHC is significantly smaller than that ob-
served; the reason for this is not yet understood.

IV. DISCUSSION

Also overlaid on Fig. 6 are the results of a linear stability
calculation @22# similar to that of Bodenschatz, Zimmer-

mann, and Kramer@24#. In this calculation, the value of the
conductivity anisotropy,Ds/s' was adjusted to 0.708@23#,
to give the observed onset voltage in a zero magnetic field,
and the charge relaxation time adjusted to give the correct

FIG. 5. Space-time plot comparing the growth mechanisms for
convective rolls above and belowHC . Both plots correspond to a
total elapsed time of 900 seconds. The left was obtained with no
magnetic field, and the right atH51.960 kG. At low magnetic
fields, the contrast from the periodic director structure grows con-
tinuously from zero and homogeneously. At high magnetic fields,
the pattern arises via the sequential elongation of individual rolls
each of which has an abrupt tip. In both cases, the applied voltage
was abruptly raised from zero to a value slightly aboveVA , at time
t50, as labeled.

FIG. 6. Voltage at which the convective roll structures either
appears or disappears as a function of applied magnetic field. This
is determined by monitoring the appearance of peaks in the PSD.
The dashed line is from the linear stability calculation of@22#. The
minimum in these curves occurs atH51.585 kG, which we call
Hc ~dotted line on graph!. Slightly belowHc , there is a tricritical
field, above which the roll pattern appears and disappears at differ-
ent voltages. The difference between these voltages increases
roughly linearly with the magnetic field. The open triangles are the
applied voltage at which the splay Fre´edericksz transition is ob-
served as a function of magnetic field. The dot-dash line is the
extrapolation of this curve to the region above the onset curves. The
diamonds are the calculatedVC as described in the text.

FIG. 7. Wavelength of the roll pattern just above onset as a
function of applied magnetic field. Wavelength is determined by the
peak positions in the PSD of the image. Note that above 2.5 kG, the
roll pattern is often not well organized, so the wavelength is more
difficult to determine unambiguously. The dashed line is from the
linear stability analysis of@22#.
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cutoff frequency. For all other parameters the standard val-
ues of material constants for MBBA were used@24#.

The observation that the Fre´edericksz transition line and
the EHC transition line cross each other so close to the
tricritical point, is in our opinion, unambiguous demonstra-
tion that the tricritical point occurs because of the different
‘‘ground states’’ from which convection arises. This claim is
strongly supported by the observation that the Fre´edericksz
line crosses the EHC transition line so close toH5HC . On
the right-hand side~RHS! of the Fréedericksz line, the non-
convecting, quiescent state is the homogeneous, planar
aligned state, while on the left-hand side,~LHS! it is the
Freedericksz distorted state in which the director angle with
ẑ depends on the distance from the glass substrates.

For low magnetic fields, the qualitative agreement with
theory for bothVA andk, with only one freely adjusted pa-
rameter, indicates that our understanding of the effect of a
weak parallel magnetic field on the normal roll instability in
EHC of nematics is on reasonably firm ground. However, the
situation is much less clear for magnetic fields larger than
that where the splay Fre´edericksz transition should occur;
substantial quantitative discrepancies remain between the
calculated critical voltage andVA .

One possible explanation for this discrepancy may lie in
the dynamics of how the convective state invades the quies-
cent state. The crux of this argument is to recognize that
VC , that voltage where theu050 state becomes linearly
unstable, can be significantly greater than eitherVA or VD ,
althoughVC is what has been calculated. We model the
growth of the convection state using the simplest Landau
equation that will yield a subcritical bifurcation

]u0
]t

5eu01gu0
32g8u0

5 , ~3!

where e5(V22VC
2 )/VC

2 and bothg and g8 are positive.
Note that in principle,g, g8, andVc can all depend onH.
Since the value ofVA measured depends on the ramping rate,
we take the value obtained at thelowest ramping rate and

argue that this corresponds to the neutrally stable value of
e, e0. By neutrally stable we mean that the quantityF
changes sign ate5e0, where2dF/du0 is the RHS of Eq.
~3!. A straightforward calculation givese0523g2/16g8.
This implies that the convection state nucleates and grows at
negativee and, hence, a lower voltage thanVC , the voltage
where the quiescent state would be linearly unstable. The
nucleation of the convection state is very likely caused by,
and, hence, located at, microscopic imperfections in the
alignment layer on the glass substrates. Furthermore, we
identify VD , the voltage at which convection disappears,
with the value ofe at which the convection state becomes
linearly unstable, sometimes called the saddle nodeeu . No
convection can exist fore,eu . Another simple calculation
giveseu52g2/4g8. Since we know neitherg nor g8, we set
(VA

22VC
2 )/VC

25e0 and (VD
2 2VC

2 )/VC
25eu and solve for

VC , obtainingVC5A4VA
223VD

2 . This value forVC is de-
noted by the diamond symbols on Fig. 6. The agreement
with theory is substantially improved; whileVA is clearly not
well described by the theoretical result forVC , the value of
VC obtained in the manner described is far closer to the
theoretical result.

In conclusion, we have demonstrated that a magnetic field
parallel to the electric field in EHC can both destabilize or
stabilize the quiescent state against convection, depending on
its magnitude. Low magnetic fields destabilize in reasonable
agreement with linear stability theory. Linear stability theory
also satisfactorily predicts the roll spacing for low magnetic
fields. High magnetic fields stabilize, and also cause the ini-
tial instability to be subcritical.
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